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We report on a calculation of ε′
K
/εK at next-to-leading order in the 1/Nc expansion and to lowest
order in Chiral Perturbation Theory. We also discuss the chiral corrections to our results and give the
result of including the two known chiral corrections.
1 Introduction
Recently, direct CP violation in the Kaon sys-
tem has been unambiguously established by
KTeV at Fermilab and by NA48 at CERN 1.
The present world average is
Re (ε′K/εK) = (19.3± 2.4) · 10−4 . (1)
Recent reviews and predictions for this
quantity in the Standard Model and ear-
lier references are in 2. Here, we report on
a calculation 3 of this quantity in the chi-
ral limit and next-to-leading (NLO) order in
1/Nc. We also discuss the changes when the
known chiral corrections -final state interac-
tions (FSI) and pi0 − η mixing- are included.
Direct CP-violation in the K → pipi de-
cay amplitudes is parameterized by
ε′K
εK
=
1√
2
[
A [KL → (pipi)I=2]
A [KL → (pipi)I=0]
− A [KS → (pipi)I=2]
A [KS → (pipi)I=0]
]
. (2)
K → pipi amplitudes can be decomposed
into definite isospin amplitudes as
i A[K0 → pi0pi0] ≡ a0√
3
eiδ0 −
√
2
3
a2 e
iδ2 ,
i A[K0 → pi+pi−] ≡ a0√
3
eiδ0 +
a2√
6
eiδ2 . (3)
with δ0 and δ2 the FSI phases.
We want to predict a0 and a2 to NLO
order in 1/Nc and to lowest order in CHPT.
2 Short-Distance Scheme and
Scale Dependence
The procedure to obtain the Standard Model
effective action Γ∆S=1 below the W -boson
mass has become standard and explicit cal-
culations have been performed to two-loops4.
The full process implies choices of short-
distance scheme, regulators, and operator ba-
sis. Of course, physical matrix elements can-
not depend on these choices.
The Standard Model Γ∆S=1 effective ac-
tion at scales ν somewhat below the charm
quark mass, takes the form 5
Γ∆S=1 ∼
10∑
i=1
Ci(ν)
∫
d4xQi(x) + h.c. (4)
where Qi(x) are four-quark operators and
Ci = zi + τ yi are Wilson coefficients.
In the presence of CP-violation, τ ≡
−VtdV ∗ts/VudV ∗us gets an imaginary part.
At low energies, it is more convenient
to use an effective action ΓLD∆S=1 which uses
different degrees of freedom. Different reg-
ulators and/or operator basis can be more
practical too. The effective action ΓLD∆S=1 de-
pends on all these choices and in particular
on the scale µc introduced to regulate the di-
vergences, analogous to ν in (4) and on ef-
fective couplings gi, which are the equivalent
of the Wilson coefficients in (4). Matching
conditions between the effective field theories
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of (4) and ΓLD∆S=1 are obtained by requiring
that S-matrix elements of asymptotic states
are the same at some perturbative scale.
〈2|ΓLD∆S=1|1〉 = 〈2|Γ∆S=1|1〉 . (5)
The matching conditions fix analytically the
short-distance behavior of the couplings gi
gi(µc, · · ·) = F(Ci(ν), αs(ν), · · ·) . (6)
This was done explicitly in 6 for ∆S = 2 tran-
sitions and used in 3 for ∆S = 1 transitions.
2.1 The Heavy X-Boson Method
For energies below the charm quark mass, we
use an effective field theory of heavy color-
singlet X-bosons coupled to QCD currents
and densities3,6,7. For instance, the effective
action reproducing
Q1(x) = [sγ
µ(1− γ5)d] [uγµ(1 − γ5)u] (x)
is
ΓX ≡ g1(µc, · · ·)
∫
d4y Xµ1 {[sγµ(1 − γ5)d] (x)
+ [uγµ(1− γ5)u] (x)} . (7)
Here the degrees of freedom of quarks and
gluons above the scale µc have been inte-
grated out. The advantage of this method is
that two-quark currents are unambiguously
identified and that QCD densities are much
easier to match than four-quark operators.
We use a 4-dimensional Euclidean cut-off
µc to regulate UV divergences. We can now
calculate ∆S = 1 Green’s functions with the
X-boson effective theory consistently.
3 Long-Distance–Short-Distance
Matching
Let’s study the ∆S = 1 two-point function
Π(q2) ≡ i
∫
d4x eiq·x〈0|T (P †i (0)Pj(x)eiΓX |0〉.
The Pi are pseudoscalar sources with quan-
tum numbers describing K → pi amplitudes.
Taylor expanding the off-shell ampli-
tudes K → pi obtained from these Green’s
functions, in external momentum and pi, and
K masses, one can obtain the couplings of the
CHPT Lagrangian. These predict K → pipi
at a given order. This is unambiguous.
At leading order in the 1/Nc expansion
the contribution to the Green function Π(q2)
is factorizable. This only involves strong two-
point functions and is model independent.
The non-factorizable contribution, is
NLO in the 1/Nc expansion. It involves the
integration 8 of strong four-point functions
ΠPiPjJaJb over the momentum Euclidean rE
that flows through the currents/densities Ja
and Jb from 0 to∞, schematically written as
Π(q2) ∼
∫
d4rE
(2pi)4
ΠPiPjJaJb(qE , rE). (8)
We separate long- from short-distance
physics with a cut-off µ in rE . The short dis-
tance part can be treated within OPE QCD.
Recently, it was emphasized that dimen-
sion eight operators may be numerically im-
portant for low values of the cut-off scale9.
This issue can be studied straightforwardly
in our approach.
There is no model dependence in our
evaluation of K → pi amplitudes at NLO in
1/Nc within QCD up to now. The long dis-
tance part from 0 up to µ remains For very
small values of µ one can use CHPT but it
starts to be insufficient already at relatively
small values of µ. Too small to match with
the short-distance part. The first step to
enlarge the CHPT domain is to use a good
hadronic model for intermediate energies. We
used the ENJL model10. It has several good
features -it includes CHPT to order p4, for
instance- and also some drawbacks as ex-
plained in 6. Work is in progress to imple-
ment the large Nc constraints on three- and
four-point functions along the lines of 11.
4 ε′K in the Chiral Limit
To a very good approximation,
|ε′K | ≃
1√
2
Rea2
Rea0
{
− Im a0
Rea0
+
Im a2
Re a2
}
.(9)
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Figure 1. Plot showing the matching between short-
and long-distances for ε′
K
/εK . Notice the wide
plateau. Curves I and II correspond to different
choices in the running of αs to two-loops.
The lowest order CHPT values for Re a0 and
Re a2 are obtained from a fit
12 to K → pipi
and K → pipipi amplitudes to order p4. Our
results7 reproduce the ∆I = 1/2 enhance-
ment within 40 %. We use the experimental
lowest order CHPT values12 for Re aI to pre-
dict ε′K as shown in Figure 1.
For the two dominant operators and
ε′K/εK we obtain at NLO in 1/Nc and in the
chiral limit3,7
B
(1/2)NDR
6χ (2GeV) = 2.5 ± 0.4
B
(3/2)NDR
8χ (2GeV) = 1.35 ± 0.20∣∣∣∣ε
′
K
εK
∣∣∣∣
χ
= (60± 30) · 10−4 . (10)
5 Higher Order CHPT Corrections
The roˆle of FSI in the standard2 predic-
tions of ε′K/εK has been recently studied
13.
We took a different strategy. The ratio
Im aI/ReaI has no FSI to all orders, thus
FSI only affects the ratio Re a2/Rea0.
Among the isospin breaking effects only
pi0-η mixing is under control and is known 14
to order p4. Other real p4 and higher electro-
magnetic corrections are mostly unknown.
Including pi0-η mixing and FSI our result
(10) becomes∣∣∣∣ε
′
K
εK
∣∣∣∣ = (34± 18) · 10−4 . (11)
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